A perturbed black hole spacetime emits gravitational waves possessing quasinormal modes that are characteristic of the black hole itself. We use a massless scalar field as an analog to a gravitational wave to find the quasinormal modes emitted by both a Schwarzschild black hole and a new alternative black hole model which places the Schwarzschild black hole in an aether-a zero density, negative pressure perfect fluid. The later model was proposed as an alternative explanation for accelerated cosmic expansion [1] . We construct a computational code to study both systems numerically and obtain the corresponding quasinormal modes. We find that the quasinormal modes of a black hole in an aether are distinguishable from those of a Schwarzschild black hole and so, in principle, gravitational wave observations could be exploited to determine if either black hole solution represents those existing in our universe.
hen a black hole is disturbed in a certain way, for example during its formation from stellar collapse or during matter accretion, it will produce gravitational waves. These waves exhibit characteristic dampened oscillations, or quasinormal modes (QNMs) which are qualitatively analogous to those of a ringing bell. With the construction of gravitational wave detectors (such as LIGO in Livingston, LA and Hanford, WA and VIRGO in Italy which are operational, as well as LISA which is planned to orbit the Earth in 2018) these QNMs are expected to be observed, thereby opening a new window from which to scrutinize our universe. Key characteristics of QNMs, namely their frequency and decay, are independent of the initial disturbance to the black hole and depend only on the properties of the black hole [2] . For this reason, observed QNMs, when compared with theoretical QNMs, may serve as both a probe to the properties of a black hole and a means of testing gravitational theories. In this paper we study the theoretical QNMs produced by two different models. The first considers a black hole in a vacuum (the Schwarzschild solution), and the second in a fluid background proposed by Prescod-Weinstein et al [1] , which arises in the context of theories attempting to accommodate for dark energy. The QNMs of the first model have been widely studied, the latter have not. Here we provide a first study with the goal of understanding whether gravitational waves can help to distinguish between these two possibilities.
Metrics
In the framework of Einstein's theory of General Relativity spacetime is curved by matter and energy, as described by the Einstein field equations:
In equation (1) and what follows, Einstein summation convention is employed and there is a summation over repeated Greek indices. We use geometric units, whereby both the speed of light (c) and the gravitational constant (G) are unity. As a result, time has units of length, equal to the distance travelled by light during that time interval: ‫ݏ1‬ ൌ 3.0 ൈ 10 ଼ ݉. It follows that mass also has units of length since in SI units ‫ܩ‬ ∝ య ௦ మ ൌ 1, and relating seconds to metres gives a conversion from kilograms to metres. In (1) ܴ ఈஒ is the contraction of the Riemann curvature tensor (which encodes the curvature of spacetime), and ܴ is the trace of ܴ ఈஒ . The metric tensor, ݃ ఈஒ , provides the relative separation ‫)ݏ݀(‬ of two neighbouring points in spacetime:
The source of curvature in (1) is the stress-energy tensor ܶ ఈஒ and Λ is the cosmological constant proposed by Einstein in order to yield a stationary universe. The inclusion of non-zero Λ leads to a residual (ܶ ఈஒ ൌ 0) curvature which has recently been exploited as a possible way to account for the accelerated expansion of the universe, although this is not without controversy [3] . In this paper we consider Λ ൌ 0 and the only source of the curvature is the stress-energy tensor, which is used in two forms: the first represents a vacuum (ܶ ఈஒ ൌ 0) and the second a zero-density, negative pressure perfect fluid.
The Schwarzschild solution [4] is the unique static, spherically symmetric solution to equation (1) which applies to both a black hole in a vacuum and the vacuum exterior of a star. The metric which characterizes the Schwarzschild black hole, where ‫ܯ‬ is the mass of the black hole in meters and ‫ܩ‬ ൌ ܿ ൌ 1, is given by [4] :
2) The second metric examined [1] places the Schwarzschild black hole in an 'aether'-a negative pressure, zero-density perfect fluid-the metric is obtainable from hydrstatic equilibrium conditions [5] . The appeal of this new metric is that instead of attributing the accelerated expansion to a non-zero Λ in (1), the acceleration arises naturally as a result of the presence stellar mass black holes in an aether background, as shown by Prescod-Weinstein et al [1] . The metric is [1] :
The aether pressure is given by ‫‬ ൌ ‫‬ ݁ ିథ , and its value is fixed by requiring that the metric account for the accelerated expansion in the same way as the concordance model. That is, it is matched to a de Sitter metric far from the black hole [1] .
Both black holes studied are non-charged and nonspinning. The properties of the aether black hole spacetime are therefore limited to fluid pressure and black hole mass, whereas Schwarzschild black holes can only vary in mass. For the purposes of simulating these black hole spacetimes, the mass solely determines the location of the event horizon and as the perturbations considered do not significantly affect black hole mass, we keep it constant.
Quasinormal modes
Any energy distribution with a non-zero time varying quadrupole (or higher multipole) moment produces gravitational waves (GWs) on the curved spacetime background. Both the Schwarzschild and the aether metrics describe static, spherically symmetric black holes. Gravitational, electromagnetic, or scalar waves scatter in these spacetimes and probe the behavior of generic perturbations. The waves scattered exhibit quasinormal modes (QNMs) which have been studied extensively since they were first introduced in 1970 [2] . It was shown then that the main characteristics of the QNMs are independent of the initial (gravitational or otherwise) perturbation and dependent only on the properties of the black hole.
GWs interact with the background curvature and the equations modelling their propagation are complex. It is simpler to model GWs using a scalar (instead of gravitational) perturbation, as this captures the general behaviour without gauge issues obscuring the analysis. For this reason we use a massless scalar field analog to find the QNMs of both black hole models considered. With the current development of gravitational wave detectors, our results are useful as they show that an aether background is distinguishable (at least in principle) in the QMN spectrum from a vacuum background, and the relationship found is expected to carry over to the realistic case of gravitational perturbations.
METHODS
The equation that describes the scalar field in curved spacetime is the Klein-Gordon Equation, which is a relativistic generalization of the wave equation:
In (4) ݃ is the determinant of ݃ ఈஒ and ݃ ఈஒ is the inverse of ݃ ఈஒ . The metrics in (2) and (3) are singular at the event horizon and so before applying (4) to (2), the coordinates are changed according to the Eddington-Finkelstein coordinate transformation [6, 7] :
This transformation removes the coordinate singularity in the Schwarzschild metric but it does not remove the singularity in the aether metric so in this case we use an inner boundary ‫ݎ‬ > ‫.ܯ2‬ For the aether metric the constant ‫‬ is given in terms of the trans-Plankian parameter ߠ , as specified by Prescod-Weinstein et al.:
The pressures we look at correspond to ߠ ൌ 30 െ 500, which is the range suggested to be realistic by PrescodWeinstein et al. We find that in addition to the event horizon at ‫ݎ‬ ൌ ‫,ܯ2‬ coordinate singularities arise for high pressures (ߠ < 120ሻ at ‫ݎ‬ ≅ ‫.ܯ20.2‬ We have compared the results obtained for choices of ‫ݎ‬ ൌ ‫ܯ30.2‬ ... ‫ܯ11.2‬ for the extreme cases of high pressure: ݈ ൌ 1, ݈ ൌ 4, with ߠ ൌ 30 and ߠ ൌ 120. We found that the results are independent of ‫ݎ‬ , for small ‫ݎ‬ , and we have used ‫ݎ‬ ൌ 2.05 for ߠ < 120. For ߠ ≥ 120, the only coordinate singularity is at ‫ݎ‬ ൌ ‫ܯ2‬ so it is possible to begin just outside the horizon ‫ݎ(‬ ≅ ‫.)ܯ100.2‬ Because we are looking for the relationship between the frequency, decay and ߠ for the entire range 30 ≤ ߠ ≤ 500 we verify that solutions for ߠ ≥ 120 and the Schwarzschild case are not altered when using ‫ݎ‬ ൌ 2.05. This allows us to freely compare the results within 30 ≤ ߠ ≤ 500 and the Schwarzschild case, ‫‬ ൌ 0.
For both metrics, the solution Φ is decomposed as:
where ܻ ሺߠ, ߶ሻ is a spherical harmonic, and solutions are found for a given value of l (since, as both metrics are spherically symmetric, m can be set to zero without loss of generality).
Potter & Lehner
There is no closed form analytic solution to the partial differential equation (4) when applied to the metrics. For this reason numerical integration is used to find the solution Φሺr, tሻ from an initial wave Φሺr, t ൌ 0ሻ, and its time
The initial wave is a pulse centered at ‫ݎ‬ ൌ ‫ܯ01‬ (just outside the horizon at ‫ݎ‬ ൌ 2‫ܯ‬ሻ which serves as a perturbation to the black hole. Since the features we are concerned with in the QNMs are independent of the form of the perturbation the only requirement is that the pulse be smooth. The initial radial wave used is Φሺ‫,ݎ‬ ‫ݐ‬ ൌ 0ሻ ൌ ݁ ିሺିଵெሻ మ , although simulations were done with smooth variations of Φሺ‫,ݎ‬ ‫ݐ‬ ൌ 0ሻ as a means to verify that the QNMs found are in fact independent of the initial perturbation.
The integration is done using a code written in Matlab. The second order partial differential equation of (4) is written as two differential equations which are first order in time:
This approach allows us to employ a set of robust numerical techniques that guarantee stability of the resulting implementation. The evolution of Φሺ‫,ݎ‬ ‫ݐ‬ሻ (the numerical solution to (4)) is found using the Runge-Kutta third order method.
For the Schwarzschild solution the functions ݂ ሺ‫ݎ‬ሻ are dependent on the radial distance r and the mass of the black hole M, and for the aether solution ݂ ሺ‫ݎ‬ሻ are dependent on r, M, and the aether pressure p. To employ the Runge-Kutta method the equations (6) and (7) must be written discretely, using finite difference equations to represent the partial derivatives. Representing the discrete formulation of (7) as ‫ܮ‬ሺπ , Φ ሻ, the values of Φ ାଵ and π ାଵ (the solutions at time Δ‫ݐ‬ later than Φ and π ) are found from Φ and π in three steps. First Φ and π are found at the midpoint, ଵ ଶ Δ‫ݐ‬ later:
Second the solutions are found after a time ଷ ସ Δ‫,ݐ‬ using the results from the previous step.
Finally the solutions a full Δ‫ݐ‬ later are found using the intermediate ߨ, Φ:
After the radial solution is found at each intermediate time step, a high pass filter is applied to prevent long term instabilities. This dissipation modifies the solutions (π, Φሻ by an amount ϵ < 0 of the discrete fourth partial derivative with respect to radial distance (π, ୰୰୰୰ , Φ, ୰୰୰୰ ) as shown in (11)- (13) where ‫ܨ‬ ൌ {π, Φ}. This modification is done before proceeding to the next step in the integration (the equations are employed in the sequence (8), (11), (9), (12), (10), (13) 
Clearly, in the limit Δ‫ݐ‬ → 0, Δ‫ݎ‬ → 0 the above dissipation does not alter the solution; however, outside of it, the dissipation helps to control the highest frequency modes which are never represented faithfully by discrete approximations and, typically drive instabilities. The introduction of this dissipation ensures stability without negatively affecting the convergence of the implementation.
The discrete representations of the derivatives in (7) 2Δr These discretizations follow from finding the sum and difference of the Taylor expansions of Φሺr Δrሻ, Φሺr െ Δrሻ, and likewise with ߨ. The fourth partial derivatives used in the dissipation are discretized as:
Δr ସ Variable integration steps are used with the restriction Δ‫ݐ‬ ൌ ߣΔr, ߣ < 1 in compliance with the CFL condition [8] for numerical stability: at a time ‫ݐ‬ , the value of the solution Φሺ‫,ݎ‬ ‫ݐ‬ ሻ can only depend on a certain subdomain of the field a time Δ‫ݐ‬ earlier. This is known as the domain of dependence of Φ and is defined as the region of points at ‫ݐ‬ ିଵ which can determine the value of Φሺ‫,ݎ‬ ‫ݐ‬ ሻ . Since signals can propagate at most at the speed of light c, the CFL condition restricts ௧ ≤ ܿ (in the units we use, ܿ ൌ 1). For both the Schwarzschild and aether solutions we use ߣ ൌ 0.5 to ensure this condition is satisfied.
QNMs are exhibited by the field over time, and the time derivative of the field is fit to a a function of the form ‫ݕ‬ ൌ ݁ ఈ௧ sinሺ߱‫ݐ‬ሻ, where ߙ is the decay and ߱ is the frequency of the QNM. As we perform a numerical integration, in addition to physical parameters, the decays and frequencies we obtain are dependent on the size of the integration step Δ‫,ݎ‬ as well as the location of the observer: the radial distance from the black hole, r, at which the QNM is fit. These dependencies can be accounted for as discussed 
RESULTS
The decay rate of the QNMs for ݈ ൌ 3 and ݈ ൌ 4 are shown in Figures 1 and 2 . Although solutions were found for ݈ ൌ 0, ݈ ൌ 1 and ݈ ൌ 2, no relationship was observed between decay rate of these modes and the aether pressure. Likewise, the frequencies were found for all modes but no changes were observed with increasing pressure. It may be that the pressure does not affect the frequency (and the decay of lower modes), or, more likely, that we were unable to observe the difference at our precision. For ݈ ൌ 3 and ݈ ൌ 4 a decrease in ߠ (an increase in pressure) corresponds to an increase in the decay rate as ߠ decreases below 120. 
DISCUSSION
The results for ߙ and ߱ in the Schwarzschild case are equal (within uncertainty) to the WKB values. In the cases ݈ ൌ 0 to ݈ ൌ 2, our results suggest that the presence of an aether is undetectable in both the decay rate and the frequency of the QNMs for all pressures. The trend is different in the ݈ ൌ 3 and ݈ ൌ 4 cases and the decay rate increases as the aether pressure increases, however thre is no pressure dependence observed in the frequency. It may be that there is no dependence, or alternately we were unable to observe it. Any observed gravitational wave will posses all of the ݈ > 0 modes. Our results show that, in conjunction with one another, the l modes of QNMs can in principle be used to distinguish a high pressure aether background from a vaccum and furthermore determine the aether pressure. Our results are unable to distinguish lower pressures (ߠ > 120) from the vacuum.
As the trends in the decay rate appear to be more pronounced in higher modes, in the future finding the QNMs for ݈ > 4, in addition to increasing our precision would improve our understanding of the role of QNMs in distinguishing these two backgrounds.
CONCLUSION
Quasinormal modes have been found for the Schwarzschild black hole and a black hole in an aether-a zero-density, negative pressure perfect fluid. It was verified that our Schwarzschild values agree with the analytical values and it was found that the presence of an aether modifies the decay rate of the QNM spectra from the Schwarzschild case.
The usefulness of our results is limited by having looked at a scalar and not gravitational perturbations: observable gravitational waves will possess QNMs which differ from those found using the scalar analog. As well they are expected to be produced by spinning black holes.
However QNMs from scalar perturbations of variations of non-charged, non-spinning black holes are widely studied in the literature and the QNMs found here are able to be compared with those arising in these other models. Furthermore, the qualitative relationship we have found is expected to carry over to realistic black holes: the presence of an aether will alter the QNMs of a black hole from those in a vacuum.
